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where
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Using Eq. (17b) and the last equation of (18b), the following
relationship is established:
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Equations (18) and (19) are precisely a version of extended
Kalman filtering” if the Jacobians 0¢,/0z., f./dx, and the
computed output g(x,t) are evaluated using the previous
nominal trajectory rather than using the trajectory updated
at each data point (the usually extended Kalman filtering?),
and if W1 = R, the covariance matrix of ». Note that Py

corresponds to the covariance matrix of the error of the esti-
mate.

Conclusions

It has been established that, in the absence of process noise,
the method of quasi-linearization is in fact equivalent to a
version of extended Kalman filtering. The relationship be-
tween the sensitivity matrices of the augmented and un-
augmented states with respect to the parameters helps clarify
the two approaches. The recurrence relationship for the
method of quasilinearization developed in this Note is of
considerable value when the number of unknown parameters
is much larger than the dimension of the output vector.
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Approximate Transport Calculations
for High-Temperature Air
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Nomenclature

mass fraction (subsecript ¢ refers to species; ¢, to element)
specific heat at constant pressure
equivalent binary diffusion coefficient
enthalpy

species mass flux

molecular weight

pressure

universal gas constant

temperature

mole fraction

viscosity coefficient

thermal conductivity

number of components in gas mixture
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Introduction

HE continued interest in atmospheric heating of re-entry

vehicles has motivated a more complete investigation of
the thermodynamic and transport properties of high-tempera-
ture air. A full description of a partially ionized and dis-
sociated air system is very complex because of the large num-
ber of species present (N, Os, NO, O, N, O+, e, etc.). Two
problems have plagued attempts to analytically predict the
transport properties of such a system: 1) the complexity
of the Chapman-Enskog equations! describing the transport
in a general multicomponent system and 2) the lack of colli-
sion cross-section data for the species involved. These com-
plexities have led to the development of two approximate

Received January 28, 1970; revision received May 22, 1970.
* Research Scientist.



SEPTEMBER 1970

descriptions of the thermal and viscous transport in gaseous
mixtures: 1) series truncation of the Chapman-Enskog
equations and 2) empirical correlation of the limited experi-
mental data.

Following the work of Brokaw,? the infinite series form of
the Chapman-Enskog transport equations have been ap-
proximated by the first terms of the series.?* Hansen® used
a form of this approximation to caleulate the transport coef-
ficients of air to 15,000°K. By using the more complete
collision cross-sections data of Yun, et al.,%7 Yos®® has deter-
mined the viscous and thermal transport coefficients of air
to 30,000°K. The finite series equations gave results within
a few percent of the Chapman-Enskog equations used by
Peng and Pindroh.®

For the low-temperature gas mixtures, empirical transport
equations have been suggested® 112 from correlations of the
limited experimental data with approximate forms of the
transport equations. The simplicity of these empirical equa-
tions has motivated a more complete investigation of their
utility to applications of high-temperature systems. Yun®’
showed the results of the empirical equations for viscosity
and thermal conductivity to be within 109, of his more
rigorous analysis for binary systems of N; — N, O, — O, and
H, — H. In this Note, the simplified empirical equations
for the viscous and thermal transport in gaseous mixtures
were applied to high-temperature air and their results com-
pared with the results of Yos® and Hansen.?

Formulation

In the finite series, approximation of the Chapman-Enskog
transport equations suggested by Brokaw? and used by Yos,?
the description of the interaction of a particle ¢ with all other
particles j is retained. In contrast, the simplified empirical
transport equations are obtained from the Chapman-Enskog
equations by assuming the collision integral ratio 4;;! to be
a unique constant independent of temperature and the force
law between molecules 4 and 7. For this approximation, the
complex transport series equations for gas mixtures reduce
to simple forms which have been shown to correlate well
with experimental data at near ambient temperatures. The
resulting forms of the empirical transport equations are
presented below.

From the comparison of extensive experimental data,
Buddenberg and Wilke! showed the viscosity of gas mixtures
could be represented by the following equation (£5%):

d 2RT 2 ZX;
m = T T .
7 :él K ( + pM: ng D“>
J#L

0

Wilke!? further simplified Eq. (1) by assuming a rigid sphere
form of the binary diffusion coeflicient D;;*® to obtain a vis-
cosity equation for mixtures that is a function only of the
molecular weights, individual species, viscosity coefficients,
and the mole fractions, as follows:

v v
Nm = Z T Z z;P;;
i=1

j=1

- 1 IWI —1/2 m 1/2 % 174772
‘I”"‘“2<2>“2<1+zm> [1+<m> <Mz-> ]

Wilke!? showed that Eq. (2) correlated well with experimental
data of binary as well as general gas mixtures at ambient
temperatures. In this Note, the utility of Eq. (2) in describ-
ing the viscosity of high-temperature air is investigated.

If thermal and pressure diffusion are neglected and no
external force fields are assumed, the energy transfer in a
gas mixture is by molecular collision and chemical enthalpy.
For a one-dimensional temperature field, the energy flux can
be written

oT 4
Gy = = Nmg~ + > haji 3)

i=1

TECHNICAL NOTES 1699

3.0
2.8} YOS [9]
2.

5. EQ. (2)
5.4} © HANSEN [5]
2.2

Fig. 1 Viscosity
of air vs tempera-
ture—1 atm.

VISCOSITY (millipoise)
-
=
T

! !
0 5,000 10,000 15,000

TEMPERATURE (°K)

Using the Lees! binary diffusion approximation for a multi-
component gas, the energy flux of Eq. (3) can be written as

oT d 4 oC; oC,
Gy = _>\T ay - Dep ez=:1 igl hiace ay
(4
d oC;
>\T: >\fm+ E Dehia—T

i=1

The factor Ar is considered the total thermal conductivity
coefficient and can be identified as the sum of the effects of
molecular collision and enthalpy transport.

Mason and Saxena® have shown the energy transport due
to molecular collisions A;, (frozen flow) can be written in a
form similar to the simplified mixture viscosity equation
(2), as follows:

v

)\fm = Z :L‘f)\i Z xjfbij (5)
i=1 i=1
A comparison of the total thermal conduectivity results of
Eq. (4) with those of Yos® for high-temperature air will be
discussed.

Discussion

A comparison of the viscosity and thermal conductivity
results predicted by the simplified transport Eqgs. (2, 4, and 5)
was made with the results of Yos® and Hansen® for high-
temperature air. The corresponding Prandtl numbers for
the three sets of data are also presented.

The specific heat at constant pressure of the mixture C,,,
was determined from the summation

A oC;

Com = i;] (Coi + ha) 5‘7—7 (6)
The specific heat results of Eq. (6) were found to correlate
very closely with the results of Predvoditelev® and Yos® to
high temperatures (~13,000°K). The viscosity and con-
ductivity coefficients for the individual species of Yun®?
were used. A thermo-chemical computer program (FEMP)16
was utilized to provide equilibrium compositions for the
gaseous mixtures as a function of temperature and pressure.
The species concentration gradient with temperature, which
appears in the definition of C,, and Ar, was obtained by
differentiating the equilibrium relations at constant pressure
and elemental concentration. Assuming ideal gas relations
and the logarithm of the equilibrium constants to be linear
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functions of temperature, the resulting matrix was solved
for the species concentration gradients with temperature.
The temperature range (2000-16,000°K) was divided into
two regions where the O, 02, N, N, species were considered
in the lower region (2000-6000°K) and O, O+, N, N*, N2 e~
were considered in the high-temperature range (6000-
16,000°K). Finite difference checks with the concentration
output of the FEMP program at small-temperature intervals
showed a good correlation with the computed concentration
gradients.

The theoretical viscosity of air at elevated temperatures
is presented in Fig. 1 as obtained from Hansen,’ Yos,® and the
approximate viscous transport Equation (2). Equation (2)
is shown to correlate well with the Yos data to 9000°K. The
breakdown of the simplified model at temperatures greater
than 9000°K, the temperature region where significant ioniza-
tion oceurs, is attributed to the inappropriateness of the simple
rigid sphere, binary interaction model assumed in Eq. (2).
The results of the approximate formulation may be improved
by a more realistic diffusion coefficient, e.g., the effective
diffusion coefficient suggested by Kendall.??

The Hansen® data is included for comparison as it has
been frequently used in re-entry heating calculations. The
difference between the Hansen and Yos data was found to
be primarily due to the difference in collision cross-section
models and data. This difference was most pronounced in
the temperature region where ionization occurs. In this
region, the charge-exchange model used by Yos resulted in
cross-sectional data one to two orders of magnitude larger
than the neutral-neutral cross sections used by Hansen.
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In order to calculate the enthalpy transport fraction of
the total thermal conductivity, an effective diffusion co-
efficient must be determined. Commensurate with the
approximations in the simplified transport equations, the
diffusion coefficient used for the air system was that of N, — N;
thus all molecules in the mixture were assumed to behave
like Ny, and all atoms and ions like N.®® Electron inter-
actions were not considered in this simple approximation.
Therefore, the total thermal conductivity was found for high-
temperature air by using the N ,— N diffusion data of Yun?
in Eq. (4). A comparison of the total thermal conductivity
results from the simplified analysis as shown in Fig. 2 with the
results of Yos® and Hansen.® The results of Eq. (4) correlate
well with the Yos data to 9000°K. The significant difference
between the Hansen and Yos data at higher temperatures
is again attributed to the different collision models and cross-
sections data used.

A comparison of the Prandtl number results for air as a
function of temperature is shown in Fig. 3 as determined from
Hansen, Yos and the simplified equations here discussed.
The simplified transport equations yield Prandtl number
results which are good to approximately 10,000°K.

In comparison with the more complete descriptions of the
viscous and energy transport in high-temperature air, this
study has shown the applicability of the simplified transport
equations {0 air systems of temperatures below which appreeci-
able ionization occurs (10,000°K). For this temperature
region, the simplified equations give results which correlate
well with the more complete analysis of Yos.®

These simplified empirical equations can be easily incorpo-
rated into analyses of high-temperature air transport such
as the hyperbolic re-entry problem. For such calculations
the simplified equations provide an accurate property evalua-
tion tool in lieu of the data storage and curve fits used in the
past and the more extensive computational requirements of
the complete interaction analyses.
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A Consistent Formulation of
Compressible Boundary-Layer Theory
with Second-Order Curvature
and Displacement Effects
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Introduction

ECENTLY, several studies have been made of the com-
pressible boundary-layer equations as modified to di-
rectly account for longitudinal surface curvature effects (i.e.,
Refs. 1 and 2). Itisbelieved that these modified equations are
not consistent to second order in boundary-layer theory, and
it will be shown here that application of the principles applied
in higher-order boundary-layer theory (as recently reviewed
by Van Dyke?) leads to a somewhat different set of governing
equations. The attractive features of this new set of equa-
tions are that it, 1) contains all curvature terms (both longi-
tudinal and transverse) normally retained in first- and second-
order boundary-layer theory, 2) it straightforwardly reduces
to the incompressible set given by Van Dyke? and as general-
ized by Davis, Whitehead, and Wornom,* and 3) it clearly
shows how displacement speed effects on the viscous flow can
be handled as a first-order effect.

Boundary-Layer Equations

The basic approach taken here is similar to that first set
down by Van Dyke® except that here no attempt is made to
filter out the higher-order effects into separate linear prob-
lems. Van Dyke has given a statement of the full Navier
Stokes equations for two-dimensional or axisymmetric flow in
terms of the usual surface coordinates, s and », with all dis-
tances referenced to a length, a, velocities to U, pressure to
p=U.2, density to p.,, temperature to U.2/C,, enthalpy to U.?,
and viscosities to the value of pat T = U 2/C,. With these
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definitions the characteristic Reynolds number becomes
Re = poUsa/u(Us?/Cp) = 1/€ ¢

For present purposes we approach the full equations with
the assumption that in a vanishingly small region near the
surface, a region of order e thick, all flow properties except the
normal velocity component v are of order one—v itself being
of order e. Thus, we introduce the stretched normal co-
ordinate

= (l/en @)

and use unsubscripted variables to designate the flow proper-
ties in the viscous region according to

w,(s,m,e) = u(s,N,e) (32)
v(sm,e) = ev(s,N,e) (3b)
pu(s,m,6) = p(s,NV,€) (3¢)
py(sm,€) = pls,Ne) (3d)
T.(s,ne) = T(s,N,e) (3e)
H,(sn,e) = H(s,N,e) (3f)
and designate the coordinate scale factors as
=1+ e&N)=h (4a)
hy =1 (4b)
hy = (ro + €N cosf)i = ri (4¢)

Introducing these to the full equations and keeping all terms
up to second order gives the following:

continuity equation

(0/0s)(priu) + (3/0N)(phriv) = 0 ®)
s-momentum equation
p<uba—: +v bhu) + & = h% sy ki) (6a)
where
= plow/ON — (hv/h)ul (6b)
n-momentum equation
op/oN = p(hxy/h)u* )

energy equation

plu(0H/0s) + hv(0H/ON)] = (1/r7)(d/0N) [hri(g + wr)]

(8a)
where
= (u/c)0T/ON (8b)
H=T+4 u¥/2 (8e)
and
o= uCy/k 8d)

state equation

= [(v = D/v1eT = [(v = D/v]o(H — w¥/2) (9)

It is worthy of note that these equations can be written in
several forms all of which are equal through second-order
terms. Thus, equivalent forms of the right hand side of Eq.
(6a) are

I

ou ou
1) R.H.S. Eg. (Ga)—th< >—~e:<uaN+
J cosf ou
e<:< + " >u SN (10a)



